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ON THE INTUITIONISTIC FUZZY TOPOLOGICAL (METRIC
AND NORMED) SPACES
REZA SAADATI
Abstract. In this paper, we define precompact set in intuitionistic fuzzy met-
ric spaces and prove that any subset of an intuitionistic fuzzy metric space is
compact if and only if it is precompact and complete. Also we define topolog-
ically complete intuitionistic fuzzy metrizable spaces and prove that any Gδ
set in a complete intuitionistic fuzzy metric spaces is a topologically complete
intuitionistic fuzzy metrizable space and vice versa. Finally, we define intu-
itionistic fuzzy normed spaces and fuzzy boundedness for linear operators and
so we prove that every finite dimensional intuitionistic fuzzy normed space is
complete.
1. Preliminaries
The theory of fuzzy sets was introduced by L.Zadeh in 1965 [19]. After the pi-
oneering work of Zadeh, there has been a great effort to obtain fuzzy analogues of
classical theories. Among other fields, a progressive developments is made in the
field of fuzzy topology. The concept of fuzzy topology may have very important ap-
plications in quantum particle physics particularly in connections with both string
and ǫ(∞) theory which were given and studied by Elnaschie [4] and [5]. One of the
most important problems in fuzzy topology is to obtain an appropriate concept of
intuitionistic fuzzy metric space. This problem has been investigated by J. H. Park
[15]. He has introduced and studied a notion of intuitionistic fuzzy metric space.
We recall it.
Definition 1.1. A binary operation ∗ : [0, 1] × [0, 1] −→ [0, 1] is a continuous
t-norm if it satisfies the following conditions
(1) ∗ is associative and commutative,
(2) ∗ is continuous,
(3) a ∗ 1 = a for all a ∈ [0, 1],
(4) a ∗ b ≤ c ∗ d whenever a ≤ c and b ≤ d, for each a, b, c, d ∈ [0, 1].
Example 1.2. Two typical examples of continuous t-norm are a ∗ b = ab and
a ∗ b = min(a, b).
Definition 1.3. A binary operation ⋄ : [0, 1] × [0, 1] −→ [0, 1] is a continuous
t-conorm if it satisfies the following conditions
(1) ⋄ is associative and commutative,
(2) ⋄ is continuous,
(3) a ⋄ 0 = a for all a ∈ [0, 1],
(4) a ⋄ b ≤ c ⋄ d whenever a ≤ c and b ≤ d, for each a, b, c, d ∈ [0, 1].
Example 1.4. Two typical examples of continuous t-conorm are a⋄b = min(a+b, 1)
and a ⋄ b = max(a, b).
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Lemma 1.5. If ∗ is a continuous t-norm, ⋄ is a continuous t-conorm and ri ∈
(0, 1), 1 ≤ i ≤ 7, then
(i) If r1 > r2, there are r3, r4 ∈ (0, 1) such that r1 ∗ r3 ≥ r2 and r1 ≥ r2 ⋄ r4.
(ii) If r5 ∈ (0, 1), there are r6, r7 ∈ (0, 1) such that r6 ∗ r6 ≥ r5 and r5 ≥ r7 ⋄ r7.
The concept of intuitionistic fuzzy metric space is defined by J. H. Park [15].
Definition 1.6. A 5-tuple (X,M,N, ∗, ⋄) is called a intuitionistic fuzzy metric
space if X is an arbitrary (non-empty) set, ∗ is a continuous t-norm, ⋄ a continuous
t-conorm and M,N are fuzzy sets on X2×(0,∞), satisfying the following conditions
for each x, y, z ∈ X and t, s > 0,
(a)M(x, y, t) +N(x, y, t) ≤ 1,
(b) M(x, y, t) > 0,
(c) M(x, y, t) = 1 if and only if x = y,
(d) M(x, y, t) =M(y, x, t),
(e) M(x, y, t) ∗M(y, z, s) ≤M(x, z, t+ s),
(f) M(x, y, .) : (0,∞) −→ [0, 1] is continuous.
(g) N(x, y, t) > 0,
(h) N(x, y, t) = 0 if and only if x = y,
(i) N(x, y, t) = N(y, x, t),
(j) N(x, y, t) ⋄N(y, z, s) ≥ N(x, z, t+ s),
(k) N(x, y, .) : (0,∞) −→ [0, 1] is continuous.
Then (M,N) is called an intuitionistic fuzzy metric on X. The functionsM(x, y, t)
and N(x, y, t) denote the degree of nearness and the degree of non-nearness between
x and y with respect to t, respectively.
Every fuzzy metric space (X,M, ∗) is an intuitionistic fuzzy metric space of the
form (X,M, 1−M, ∗, ⋄) such that t-norm ∗ and t-conorm ⋄ are associated [13], i.e.
x ⋄ y = 1− [(1− x) ∗ (1− y)] for any x, y ∈ X .
In intuitionistic fuzzy metric spaceM(x, y, .) is non-decreasing and N(x, y, .)is non-
increasing for all x, y ∈ X .
Let (X, d) be a metric space. Denote a ∗ b = ab and a ⋄ b = min(a + b, 1) for all
a, b ∈ [0, 1] and let Md and Nd be fuzzy sets on X
2 × (0,∞) defined as follows:
Md(x, y, t) =
htn
htn +md(x, y)
, Nd(x, y, t) =
d(x, y)
ktn +md(x, y)
,
for all h, k,m, n ∈ R+. Then (X,M,N, ∗, ⋄) is an intuitionistic fuzzy metric space.
Let (X,M,N, ∗, ⋄) be a intuitionistic fuzzy metric space. For t > 0, the open
ball B(x, r, t) with center x ∈ X and radius 0 < r < 1 is defined by
B(x, r, t) = {y ∈ X :M(x, y, t) > 1− r,N(x, y, t) < r}.
Let (X,M,N, ∗, ⋄) be a intuitionistic fuzzy metric space. Let τ(M,N) be the set
of all A ⊂ X with x ∈ A if and only if there exist t > 0 and 0 < r < 1 such
that B(x, r, t) ⊂ A. Then τ(M,N) is a topology on X (induced by the intuitionistic
fuzzy metric (M,N)). This topology is Hausdorff and first countable. A sequence
{xn} in X converges to x if and only if M(xn, x, t) → 1 and N(xn, x, t) → 0 as
n → ∞, for each t > 0. It is called a Cauchy sequence if for each 0 < ε < 1 and
t > 0, there exits n0 ∈ N such that M(xn, xm, t) > 1 − ε and N(xn, xm, t) < ε for
each n,m ≥ n0. The intuitionistic fuzzy metric space (X,M,N, ∗, ⋄) is said to be
complete if every Cauchy sequence is convergent. A subset A of X is said to be
IF-bounded if there exists t > 0 and 0 < r < 1 such that M(x, y, t) > 1 − r and
N(x, y, t) < r for all x, y ∈ A.
A collection U of open sets is called an open cover of A if A ⊆
⋃
U∈U U . A
subspace A of an intuitionistic fuzzy metric space (X,M,N, ∗, ⋄) is compact if
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every open cover of A has a finite subcover. If every sequence in A has a convergent
subsequence to a point in A then it is called sequential compact.
Theorem 1.7. [15]. In a intuitionistic fuzzy metric space every compact set is
closed and IF-bounded.
Corollary 1.8. [15]. Every closed subset of a complete intuitionistic fuzzy metric
space is complete.
2. Precompact Intuitionistic Fuzzy Metric Spaces
Definition 2.1. Let (X,M,N, ∗, ⋄) be a intuitionistic fuzzy metric space and A ⊂
X. We say A is precompact if for each 0 < r < 1 and t > 0 there exists a finite
subset S of A such that
A ⊆
⋃
x∈S
B(x, r, t).
Lemma 2.2. Let (X,M,N, ∗, ⋄) be a intuitionistic fuzzy metric space and A ⊂ X.
A is a precompact set if and only if for every 0 < r < 1 and t > 0, there exists a
finite subset S of X such that
A ⊆
⋃
x∈S
B(x, r, t).(1)
Proof. Let 0 < r < 1 and t > 0 and condition (1) holds. By continuity of ∗, ⋄,
there exists s ∈ (0, 1) such that (1 − s) ∗ (1 − s) > 1 − r and s ⋄ s < r . Now we
applying condition (1) for s and t2 , there exists a subset S
′ = {x1, ..., xn} of X such
that A ⊆
⋃
xi∈S′
B(xi, s,
t
2 ). We assume that B(xj , s,
t
2 ) ∩ A 6= φ, otherwise we
omit xj from S
′ and so we have A ⊆
⋃
xi∈S′−{xj}
B(xi, s,
t
2 ). For every i = 1, ..., n
we select yi in B(xi, s,
t
2 ) ∩ A, and we put S = {y1, ..., yn}. Now for every y in
A, there exists i ∈ {1, ..., n} such that M(y, xi,
t
2 ) > 1 − s and N(y, xi,
t
2 ) < s .
Therefore we have
M(y, yi, t) > M(y, xi,
t
2
) ∗M(xi, yi,
t
2
)
> (1− s) ∗ (1− s)
> 1− r,
and
N(y, yi, t) < N(y, xi,
t
2
) ⋄N(xi, yi,
t
2
)
< s ⋄ s
< r.
Which implies that A ⊆
⋃
pi∈S
B(x, r, t). The converse is trivial. 
Lemma 2.3. Let (X,M,N, ∗, ⋄) be a intuitionistic fuzzy metric space and A ⊂ X.
If A is a precompact set then so is its closure A¯.
Proof. Let r ∈ (0, 1) and t > 0, then by continuity of ∗, ⋄ there exists s ∈ (0, 1)
such that (1 − s) ∗ (1 − s) > 1 − r and s ⋄ s < r, also there exists a finite subset
S′ = {x1, ..., xn} of X such that A ⊆
⋃
xi∈S′
B(xi, s, t/2). But for every y in A¯
there exists x ∈ A such that M(x, y, t/2) > 1 − s and N(x, y, t/2) < s and there
exists 1 ≤ i ≤ n such that M(x, xi, t/2) > 1− s and N(x, xi, t/2) < s, therefore
M(y, xi, t) > M(y, x, t/2) ∗M(x, xi, t/2)
> (1− s) ∗ (1− s)
> 1− r,
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and
N(y, xi, t) < N(y, x, t/2) ⋄N(x, xi, t/2)
< s ⋄ s
< r.
Hence A¯⊆
⋃
xi∈S
B(xi, r, t), i.e. A¯ is precompact set. 
Theorem 2.4. Let (X,M,N, ∗, ⋄) be a intuitionistic fuzzy metric space and A ⊂ X.
A is a precompact set if and only if every sequence has a Cauchy subsequence.
Proof. Let A be a precompact set. Let {pn} be a sequence in A. For every
k ∈ N, there exists a finite subset Sk of X such that A ⊆
⋃
x∈Sk
B(x, 1
k
, 1
k
). Hence,
for k = 1, there exists x1 ∈ S1 and a subsequence {p1,n} of {pn} such that p1,n ∈
B(x1, 1, 1), for every n ∈ N. Similarly, there exists x2 ∈ S2 and a subsequence {p2,n}
of {p1,n} such that p2,n ∈ B(x2,
1
2 ,
1
2 ), for every n ∈ N. Continuing this process,
we get xk ∈ Sk and subsequences {pk,n} of {pk−1,n} such that pk,n ∈ B(x,
1
k
, 1
k
),
for every n ∈ N. Now we consider the subsequence {pn,n} of {pn}. For every
r ∈ (0, 1) and t > 0, by continuity of ∗, ⋄, there exists an n0 ∈ N such that
(1− 1
n0
) ∗ (1− 1
n0
) > 1− r, 1
n0
⋄ 1
n0
< r and 2
n0
< t. Therefore for every l,m ≥ n0,
we have
M(pl,l, pm,m, t) ≥ M(pl,l, pm,m,
2
n0
)
≥ M(pl,l, xn0 ,
1
n0
) ∗M(xn0 , pm,m,
1
n0
)
> (1 −
1
n0
) ∗ (1 −
1
n0
)
> 1− r,
and
N(pl,l, pm,m, t) ≤ N(pl,l, pm,m,
2
n0
)
≤ N(pl,l, xn0 ,
1
n0
) ∗N(xn0 , pm,m,
1
n0
)
<
1
n0
⋄
1
n0
< r.
Hence {pn,n} is a Cauchy sequence in (X,M,N, ∗, ⋄).
Conversely, suppose that A is not a precompact set. Then there exists r ∈
(0, 1) and t > 0 such that for every finite subset S of X , A is not a subset of⋃
x∈S B(x, r, t). Fix p1 ∈ A. Since A is not a subset of
⋃
x∈{p1}
B(x, r, t), there
exists p2 ∈ A such that M(p1, p2, t) ≤ 1 − r and N(p1, p2, t) ≥ r. Since A is not a
subset of
⋃
x∈{p1,p2}
B(x, r, t), there exists a p3 ∈ A such that M(p1, p3, t) ≤ 1− r,
N(p1, p3, t) ≥ r and M(p2, p3, t) ≤ 1− r, N(p2, p3, t) ≥ r. Continuing this process,
we construct a sequence {pn} of distinct points in A such that M(pi, pj, t) ≤ 1− r
and N(pi, pj , t) ≥ r for every i 6= j. Therefore {pn} has not Cauchy subse-
quence. 
Lemma 2.5. Let (X,M,N, ∗, ⋄) be a intuitionistic fuzzy metric space. If a Cauchy
sequence clusters to a point x ∈ X, then the sequence converges to x.
Proof. Let {xn} be a Cauchy sequence in (X,M,N, ∗, ⋄) having a cluster point
x ∈ X . Then, there is a subsequence {xnk} of {xn} that converges to x with respect
to τ(M,N). Thus, given r, with 0 < r < 1 and t > 0 there is an N ∈ N such that
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for each k ≥ N , M(x, xnk , t/2) > 1 − s and N(x, xnk , t/2) < s where s ∈ (0, 1)
and satisfies (1 − s) ∗ (1 − s) > 1 − r and s ⋄ s < r. On the other hand, there
is n1 ≥ nN such that for each n,m ≥ n1, we have M(xm, xn, t/2) > 1 − s and
N(xm, xn, t/2) < s. Therefore, for each n ≥ n1, we have
M(x, xn, t) ≥ M(x, xnk , t) ∗M(xnk , xn, t)
> (1− s) ∗ (1 − s)
> 1− r,
and
N(x, xn, t) ≤ N(x, xnk , t) ⋄N(xnk , xn, t)
< s ⋄ s
< r.
We conclude that the Cauchy sequence {xn} converges to x. 
Lemma 2.6. Let (X,M,N, ∗, ⋄) be a intuitionistic fuzzy metric space. Then (X, τ(M,N))
is a metrizable topological space.
Proof. For each n ∈ N define
Un = {(x, y) ∈ X ×X : M(x, y,
1
n
) > 1− 1
n
, N(x, y,
1
n
) <
1
n
}.
We sall prove that {Un : n ∈ N} is a base for a uniformity U on X whose induced
topology coincides with τ(M,N). We first note that for each n ∈ N, {(x, x) : x ∈
X} ⊆ Un, Un+1 ⊆ Un and Un = U
−1
n .
On the other hand, for each n ∈ N, there is, by the continuity of ∗, ⋄, an m ∈ N
such that m > 2n, (1 − 1
m
) ∗ (1 − 1
m
) > 1 − 1
n
and 1
m
⋄ 1
m
< 1
n
. Then, Um ◦ Um ⊆
Un. Indeed, let (x, y) ∈ Um and (y, z) ∈ Um. Since M(x, y, .) and N(x, y, .)
are nondecreasing and nonincreasing, respectively, M(x, y, 1
n
) ≥ M(x, z, 2
m
) and
N(x, y, 1
n
) ≤ N(x, z, 2
m
). So
M(x, z,
1
n
) ≥ M(x, y,
1
m
) ∗M(y, z,
1
m
)
> (1−
1
m
) ∗ (1 −
1
m
) > 1−
1
n
,
and
N(x, z,
1
n
) ≤ N(x, y,
1
m
) ⋄N(y, z,
1
m
)
<
1
m
⋄
1
m
<
1
n
.
Therefore (x, z) ∈ Un. Thus {Un : n ∈ N} is a base for a uniformity U on X . Since
for each x ∈ X and each n ∈ N,
Un(x) = {y ∈ X : M(x, y,
1
n
) > 1− 1
n
, N(x, y,
1
n
) <
1
n
} = B(x,
1
n
,
1
n
),
we deduce that the topology induced by U coincides with τ(M,N). Then (X, τ(M,N))
is a metrizable topological space. 
Note that, in every metrizable space every sequentially copmact set is compact.
Corollary 2.7. A subset A of intuitionistic fuzzy metric space (X,M,N, ∗, ⋄) is
compact if and only if it is precompact and complete.
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3. Complete Intuitionistic Fuzzy Metric Spaces
Lemma 3.1. Let (X,M,N, ∗, ⋄) be a intuitionistic fuzzy metric space and let λ, η ∈
(0, 1) such that λ+η ≤ 1 then there exists a intuitionistic fuzzy metric (m,n) on X
such that m(x, y, t) ≥ λ and n(x, y, t) ≤ η for each x, y ∈ X and t > 0 and (m,n)
and (M,N) induce the same topology on X.
Proof. We definem(x, y, t) = max{λ,M(x, y, t)} and n(x, y, t) = min{η,N(x, y, t)}.
We claim that (m,n) is intuitionistic fuzzy metric onX . The properties of (a),(b),(c),
(d),(f),(g),(h),(i) and (k) are immediate from the definition. For triangle inequali-
ties, suppose that x, y, z ∈ X and t, s > 0. Thenm(x, z, t+s) ≥ λ and som(x, z, t+
s) ≥ m(x, y, t) ∗m(y, z, s) when either m(x, y, t) = λ or m(y, z, s) = λ. The only
remaining case is when m(x, y, t) = M(x, y, t) > λ and m(y, z, s) = M(y, z, s) > λ.
But M(x, z, t+ s) ≥ M(x, y, t) ∗M(y, z, s) and m(x, z, t+ s) ≥ M(x, z, t+ s) and
so m(x, z, t + s) ≥ m(x, y, t) ∗ m(y, z, s). Also, then n(x, z, t + s) ≤ η and so
n(x, z, t+ s) ≤ n(x, y, t) ⋄ n(y, z, s) when either n(x, y, t) = η or n(y, z, s) = η. The
only remaining case is when n(x, y, t) = N(x, y, t) < η and n(y, z, s) = N(y, z, s) <
η. But N(x, z, t+s) ≤ N(x, y, t)⋄N(y, z, s) and n(x, z, t+s) ≤ N(x, z, t+s) and so
n(x, z, t+ s) ≤ n(x, y, t) ⋄ n(y, z, s). Thus (m,n) is a intuitionistic fuzzy metric on
X . It only remains to show that the topology induced by (m,n) is the same as that
induced by (M,N). But we have m(xn, x, t) −→ 1 and n(xn, x, t) −→ 0 if and only
if {λ,M(xn, x, t)} −→ 1 and {η,N(xn, x, t)} −→ 0 if and only if M(xn, x, t) −→ 1
and N(xn, x, t) −→ 0, for each t > 0, and we are done. 
The intuitionistic fuzzy metric (m,n) in above lemma is said to be bounded by
(λ, η).
Definition 3.2. Let (X,M,N, ∗, ⋄) be a intuitionistic fuzzy metric space, x ∈ X
and φ 6= A ⊆ X. We define
D(x,A, t) = sup{M(x, y, t) : y ∈ A} (t > 0),
and
C(x,A, t) = inf{N(x, y, t) : y ∈ A} (t > 0).
Note that D(x,A, t) and C(x,A, t) are a degree of closeness and non closeness of
x to A at t, respectively.
Definition 3.3. A topological space is called a topologically complete intuitionistic
fuzzy metrizable space if there exists a complete intuitionistic fuzzy metric inducing
the given topology on it.
Example 3.4. Let X = (0, 1]. The intuitionistic fuzzy metric space (X,M,N,min,max)
where M(x, y, t) = t
t+|x−y| and N(x, y, t) =
|x−y|
t+|x−y| (standard intuitionistic fuzzy
metric, see [15]) is not complete, because the Cauchy sequence {1/n} in this space
is not convergent. Now consider the 5-tuple (X,m, n,min,max), where m(x, y, t) =
t
t+|x−y|+| 1
x
− 1
y
|
and n(x, y, t) =
|x−y|+| 1
x
− 1
y
|
t+|x−y|+| 1
x
− 1
y
|
. It is straightforward to show that
(X,m, n,min,max) is a intuitionistic fuzzy metric space which is complete. Since,
xn tend to x with respect to intuitionistic fuzzy metric (M,N), if and only if
|xn − x| −→ 0, if and only if xn tends to x with respect to intuitionistic fuzzy
metric (m,n), hence (M,N) and (m,n) are equivalent intuitionistic fuzzy metrics.
Therefore the intuitionistic fuzzy metric space (X,M,N,min,max) is topologically
complete intuitionistic fuzzy metrizable.
Lemma 3.5. Intuitionistic fuzzy metrizability is preserved under countable Carte-
sian product.
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Proof. Without loss of generality we may assume that the index set is N.
Let {(Xn,mn, nn, ∗, ⋄) : n ∈ N} be a collection of intuitionistic fuzzy metrizable
spaces. Let τn be the topology induced by (mn, nn) on Xn for n ∈ N and let
(X, τ) be the Cartesian product of {(Xn, τn) : n ∈ N} with product topology. We
have to prove that there is a intuitionistic fuzzy metric (m,n) on X which induces
the topology τ . By the above lemma, we may suppose that (mn, nn) is bounded
by (1 − ε(n), ε[n]) where ε(n) =
n︷ ︸︸ ︷
ε ∗ ε ∗ · · · ∗ ε, ε[n] =
n︷ ︸︸ ︷
ε ⋄ ε ⋄ · · · ⋄ ε and ε ∈ (0, 1)
(see, [2]), i.e. mn(xn, yn, t) = max{1 − ε
(n),M(xn, yn, t)} and nn(xn, yn, t) =
min{ε[n], N(xn, yn, t)}. Points ofX =
∏
n∈N Xn are denoted as sequences x = {xn}
with xn ∈ Xn for n ∈ N. Define m(x, y, t) =
∏∞
n=1 mn(xn, yn, t) and n(x, y, t) =∐∞
n=1 nn(xn, yn, t) , for each x, y ∈ X and t > 0 where
∏m
n=1 an = a1 ∗ a2 ∗ · · · ∗ am
and
∐m
n=1 an = a1 ⋄ a2 ⋄ · · · ⋄ am. First note that (m,n) is well defined since
ai =
∏i
n=1(1 − ε
(n)) is decreasing and bounded then converges to α ∈ (0, 1) also
bi =
∐i
n=1 ε
[n] is increasing and bounded then converges to β ∈ (0, 1). Also (m,n)
is a intuitionistic fuzzy metric on X because each (mn, nn) is a intuitionistic fuzzy
metric. Let U be the topology induced by intuitionistic fuzzy metric (m,n). We
claim that U coincides with τ . If G ∈ U and x = {xn} ∈ G, then there exists
0 < r < 1 and t > 0 such that B(x, r, t) ⊂ G. For each 0 < r < 1, we can find a
sequence {δn} in (0, 1) and a positive integer N0 such that
N0∏
n=1
(1− δn) ∗
∞∏
n=N0+1
(1− ε(n)) > 1− r,
and
N0∐
n=1
δn ⋄
∞∐
n=N0+1
ε[n] < r.
For each n = 1, 2, · · · , N0, let Vn = B(xn, δn, t), where the ball is with respect to
intuitionistic fuzzy metric (mn, nn). Let Vn = Xn for n > N0. Put V =
∏
n∈N Vn,
then x ∈ V and V is an open set in the product topology τ on X . Furthermore
V ⊂ B(x, r, t), since for each y ∈ V
m(x, y, t) =
∞∏
n=1
mn(xn, yn, t)
=
N0∏
n=1
mn(xn, yn, t) ∗
∞∏
n=N0+1
mn(xn, yn, t)
≥
N0∏
n=1
(1− δn) ∗
∞∏
n=N0+1
(1− ε(n))
> 1− r,
and
n(x, y, t) =
∞∐
n=1
nn(xn, yn, t)
=
N0∐
n=1
nn(xn, yn, t) ⋄
∞∐
n=N0+1
nn(xn, yn, t)
≤
N0∐
n=1
δn ⋄
∞∐
n=N0+1
ε[n]
< r.
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Hence V ⊂ B(x, r, t) ⊂ G. Therefore G is open in the product topology.
Conversely, suppose G is open in the product topology and let x = {xn} ∈ G.
Choose a standard basic open set V such that x ∈ V and V ⊂ G. Let V =
∏
n∈N Vn,
where each Vn is open in Xn and Vn = Xn for all n > N0. For n = 1, 2, · · · , N0, let
1−rn = Dn(xn, Xn−Vn, t) and qn = Cn(xn, Xn−Vn, t), if Xn 6= Vn, and rn = ε
(n)
and qn = ε
[n], otherwise. Let r = min{r1, r2, · · · , rN0} , q = min{q1, q2, · · · , qN0}
and p = min{r, q}. We claim that B(x, p, t) ⊂ V . If y = {yn} ∈ B(x, p, t), then
m(x, y, t) =
∏∞
n=1 mn(xn, yn, t) > 1−p and somn(xn, yn, t) > 1−p ≥ 1−r ≥ 1−rn
and n(x, y, t) =
∐∞
n=1 nn(xn, yn, t) < p and so nn(xn, yn, t) < p ≤ q ≤ qn for each
n = 1, 2, · · · , N0. Then yn ∈ Vn, for n = 1, 2, · · · , N0. Also for n > N0, yn ∈ Vn =
Xn. Hence y ∈ V and so B(x, p, t) ⊂ V ⊂ G. Therefore G is open with respect to
the intuitionistic fuzzy metric topology and τ ⊂ U . Hence τ and U coincide. 
Theorem 3.6. An open subspace of a complete intuitionistic fuzzy metrizable space
is a topologically complete intuitionistic fuzzy metrizable space.
Proof. Let (X,M,N, ∗, ⋄) be a complete intuitionistic fuzzy metric space and
G an open subspace of X . If the restriction of (M,N) to G is not complete we
can replace (M,N) on G by other intuitionistic fuzzy metric as follows. Define
f : G× (0,∞) −→ R+ by f(x, t) = 11−D(x,X−G,t) (f is undefined if X−G is empty,
but then there is nothing to prove.) Fix an arbitrary s > 0 and for x, y ∈ G define
m(x, y, t) = M(x, y, t) ∗M(f(x, s), f(y, s), t),
and
n(x, y, t) = N(x, y, t)
for each t > 0. We claim that (m,n) is intuitionistic fuzzy metric on G. The proper-
ties (a),(b),(c),(d),(f),(g),(h),(i),(j) and (k) are immediate from the definition. For
triangle inequality (e), suppose that x, y, z ∈ G and t, s, u > 0, then
m(x, y, t) ∗m(y, z, u) =
= (M(x, y, t) ∗M(f(x, s), f(y, s), t)) ∗ (M(y, z, u) ∗M(f(y, s), f(z, s), u))
= (M(x, y, t) ∗M(y, z, u)) ∗ (M(f(x, s), f(y, s), t) ∗M(f(y, s), f(z, s), u))
≤M(x, z, t+ u) ∗M(f(x, s), f(z, s), t+ u) = m(x, z, t+ u).
We show that (m,n) and (M,N) are equivalent intuitionistic fuzzy metrics on
G. We do this by showing that m(xn, x, t) −→ 1 if and only if M(xn, x, t) −→ 1
and n(xn, x, t) −→ 0 if and only if N(xn, x, t) −→ 1 of course the second part is
trivial. Since m(x, y, t) ≤ M(x, y, t) for all x, y ∈ G and t > 0, M(xn, x, t) −→ 1
whenever m(xn, x, t) −→ 1. To prove the converse, let M(xn, x, t) −→ 1, we know
from [16] Proposition 1, M is continuous function on X ×X × (0,∞), then since
lim
n
D(xn, X −G, s) = lim
n
(sup{M(xn, y, s) : y ∈ G})
≥ lim
n
M(xn, y, s)
= M(x, y, s).
Therefore limnD(xn, X −G, s) ≥ D(x,X −G, s). On the other hand, there exists
a y0 ∈ X −G and n0 ∈ N such that for every n ≥ n0 we have
D(xn, X −G, s) ∗ (1−
1
n
) ≤M(xn, y0, s).
Then limnD(xn, X − G, s) ≤ M(x, y0, s) ≤ sup{M(x, y, s) : y ∈ X − G} =
D(x,X − G, s). Therefore limnD(xn, X − G, s) = D(x,X − G, s). This implies
M(f(xn, s), f(x, s), t) −→ 1. Hencem(xn, x, t) −→ 1. Therefore (m,n) and (M,N)
are equivalent. Next we show that (m,n) is a complete intuitionistic fuzzy metric.
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Suppose that {xn} is a Cauchy sequence in G with respect to (m,n). Since for
each m,n ∈ N, and t > 0 m(xm, xn, t) ≤ M(xm, xn, t) and n(x, y, t) = N(x, y, t),
therefore {xn} is also a Cauchy sequence with respect to (M,N). By completeness
of (X,M,N, ∗, ⋄), {xn} converges to point p in X . We claim that p ∈ G. Assume
otherwise, then for each n ∈ N, if p ∈ X − G and M(xn, p, t) ≤ D(xn, X − G, t),
then
1−M(xn, p, t) ≥ 1−D(xn, X −G, t) > 0,
Therefore
1
1−D(xn, X −G, t)
≥
1
1−M(xn, p, t)
,
That is
f(xn, t) ≥
1
1−M(xn, p, t)
,
for each t > 0. Therefore as n −→ ∞, for every t > 0 we get f(xn, t) −→
∞. In particular, f(xn, s) −→ ∞. On the other hand, M(f(xn, s), f(xm, s), t) ≥
m(xm, xn, t), for every m,n ∈ N, that is {f(xn, s)} is an F-bounded sequence (see,
[6]). This contradiction shows that p ∈ G. Hence {xn} converges to p with respect
to (m,n) and (G,m, n, ∗, ⋄) is a complete intuitionistic fuzzy metrizable space. 
Corollary 3.7. A Gδ set in a complete intuitionistic fuzzy metric space is a topo-
logically complete intuitionistic fuzzy metrizable space.
Theorem 3.8. Let (Y,M,N, ∗, ⋄) be a intuitionistic fuzzy metric space and X be
a topologically complete intuitionistic fuzzy metrizable subspace of Y . Then X is a
Gδ subset of Y .
Proof. Let (X,M ′, N ′, ∗, ⋄) be intuitionistic fuzzy metric space that induces
the same topology for X as does (M,N). For each x ∈ X and each n ∈ N, let
rn(x) be a positive real number such that, rn(x) <
1
n
and M ′(w, x, t) > 1− 1
n
and
N ′(w, x, t) < 1
n
, whenever w ∈ X andM(w, x, t) > 1−rn(x) and N(w, x, t) < rn(x)
for each t > 0. Suppose that Gn = ∪n{B(M,N)(x, rn(x), t) : x ∈ X, t > 0} for each
n ∈ N, and Γ = ∩n{Gn : n ∈ N}. Then Γ is a Gδ subset of Y which clearly contains
X . It is enough to shown that Γ ⊆ X .
Let x0 ∈ Γ, then x0 ∈ Gn for each n ∈ N. Hence for each n ∈ N, there is xn ∈ X
such that x0 ∈ B(M,N)(xn, rn(x), t). Therefore M(x0, xn, t) > 1 − rn(x) > 1 −
1
n
and N(x0, xn, t) < rn(x) <
1
n
for each n ∈ N and t > 0. This means that xn −→ x0
in Y .
Now, let 0 < ε < 1 and N ∈ N such that (1− 1
N
)∗(1− 1
N
) > 1−ε and 1
N
⋄ 1
N
< ε.
Let m ∈ N be such that
(1 −
1
m
) ∗M(x0, xN , t) > 1− rN (xN ),
and
1
m
⋄N(x0, xN , t) < rN (xN ),
Now for every k ∈ N and k > m we have
M(xk, xN , 2t) ≥ M(xk, x0, t) ∗M(x0, xN , t)
> (1−
1
k
) ∗M(x0, xN , t)
≥ (1−
1
m
) ∗M(x0, xN , t)
> 1− rN (xN ),
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and
N(xk, xN , 2t) ≤ N(xk, x0, t) ⋄N(x0, xN , t)
< (
1
k
) ⋄N(x0, xN , t)
≤ (
1
m
) ⋄N(x0, xN , t)
< rN (xN ),
Therefore M ′(xk, xN , 2t) > 1−
1
N
and N ′(xk, xN , 2t) <
1
N
. If k, l > m, then
M ′(xk, xl, 4t) ≥ M
′(xk, xN , 2t) ∗M
′(xN , xl, 2t)
> (1−
1
N
) ∗ (1 −
1
N
) > 1− ε,
and
N ′(xk, xl, 4t) ≤ N
′(xk, xN , 2t) ⋄N
′(xN , xl, 2t)
<
1
N
⋄
1
N
< ε.
Hence the sequence {xn} is Cauchy in the complete intuitionistic fuzzy metric space
(X,M ′, N ′, ∗, ⋄) and so convergent to some member of X . Since xn −→ x0 in Y , it
follows that x0 ∈ X , so Γ ⊆ X . 
4. INTUITIONISTIC FUZZY NORMED SPACES
In this section, using the idea of intuitionistic fuzzy metric space, we define the
notion of intuitionistic fuzzy normed spaces with the help of continuous t-norms
and continuous t-conorms as a generalization of fuzzy normed space due to Saadati
and Vaezpour [17].
Definition 4.1. The 5-tuple (V, µ, ν, ∗, ⋄) is said to be a intuitionistic fuzzy normed
space if V is a vector space, ∗ is a continuous t-norm, ⋄ is a continuous t-conorm,
and µ, ν are fuzzy sets on V × (0,∞) satisfying the following conditions for every
x, y ∈ V and t, s > 0;
(a) µ(x, t) + ν(x, t) ≤ 1,
(b) µ(x, t) > 0,
(c) µ(x, t) = 1 if and only if, x = 0,
(d) µ(αx, t) = µ(x, t|α| ) for each α 6= 0,
(e) µ(x, t) ∗ µ(y, s) ≤ µ(x+ y, t+ s),
(f) µ(x, .) : (0,∞) −→ [0, 1] is continuous,
(g) limt−→∞µ(x, t) = 1 and limt−→0µ(x, t) = 0,
(h) ν(x, t) < 1,
(i) ν(x, t) = 0 if and only if, x = 0,
(j) ν(αx, t) = ν(x, t|α| ) for each α 6= 0,
(k) ν(x, t) ⋄ ν(y, s) ≥ ν(x + y, t+ s),
(l) ν(x, .) : (0,∞) −→ [0, 1] is continuous,
(m) limt−→∞ν(x, t) = 0 and limt−→0ν(x, t) = 1,
In this case (µ, ν) is called a intuitionistic fuzzy norm.
Example 4.2. Let (V, ‖.‖) be a normed space. Denote a ∗ b = ab and a ⋄ b =
min(a + b, 1) for all a, b ∈ [0, 1] and let µ0 and ν0 be fuzzy sets on X
2 × (0,∞)
defined as follows:
µ0(x, t) =
t
t+ ‖x‖
, ν0(x, t) =
‖x‖
t+ ‖x‖
,
for all t ∈ R+. Then (V, µ0, ν0, ∗, ⋄) is an intuitionistic fuzzy normed space.
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Definition 4.3. A sequence {xn} in a intuitionistic fuzzy normed space (V, µ, ν, ∗, ⋄)
is called a Cauchy sequence if for each ε > 0 and t > 0, there exists n0 ∈ N such
that
µ(xn − xm, t) > 1− ε,
and
ν(xn − xm, t) < ε,
for each n,m ≥ n0. The sequence {xn} is said to be convergent to x ∈ V in
intuitionistic fuzzy normed space (V, µ, ν, ∗, ⋄) and denote by xn
(µ,ν)
−→ x if µ(xn −
x, t) −→ 1 and ν(xn−x, t) −→ 0 whenever n −→∞ for every t > 0. A intuitionistic
fuzzy normed space is said to be complete if and only if every Cauchy sequence is
convergent.
Lemma 4.4. Let (V, µ, ν, ∗, ⋄) be a intuitionistic fuzzy normed space. If we define
M(x, y, t) = µ(x− y, t),
and
N(x, y, t) = ν(x− y, t),
then (M,N) is a intuitionistic fuzzy metric on V , which is induced by the intuition-
istic fuzzy norm (µ, ν).
Lemma 4.5. Let (µ, ν) be a intuitionistic fuzzy norm, then
(i) µ(x, t) and ν(x, t) are nondecreasing and nonincreasing with respect to t,
respectively.
(ii) µ(x− y, t) = µ(y − x, t) and ν(x− y, t) = ν(y − x, t) for every t > 0.
Definition 4.6. Let (V, µ, ν, ∗, ⋄) be a intuitionistic fuzzy normed space. We define
open ball B(x, r, t) with center x ∈ V and radius 0 < r < 1, as
B(x, r, t) = {y ∈ V : µ(x− y, t) > 1− r, ν(x− y, t) < r}, t > 0.
Also a subset A ⊆ V is called open if for each x ∈ A, there exist t > 0 and 0 < r < 1
such that B(x, r, t) ⊆ A. Let τ(µ,ν) denote the family of all open subset of V . τ(µ,ν)
is called the topology induced by intuitionistic fuzzy norm.
Note that this topology is the same as the topology induced by intuitionistic
fuzzy metric sense Park (see [15] Remark 3.3).
Definition 4.7. Let (V, µ, ν, ∗, ⋄) be a intuitionistic fuzzy normed space. A subset
A of V is said to be IF-bounded if there exists t > 0 and 0 < r < 1 such that
µ(x, t) > 1− r and ν(x, t) < r for each x ∈ A.
Theorem 4.8. In a intuitionistic fuzzy normed space every compact set is closed
and IF-bounded.
By Lemma 4.3 the proof is the same as intuitionistic fuzzy metric spaces (see
[15] Remark 3.10).
Lemma 4.9. A subset A of R is IF-bounded in (R, µ, ν, ∗, ⋄) if and only if is
bounded in R.
Proof Let A is IF-bounded in (R, µ, ν, ∗, ⋄), then there are t0 > 0 and 0 < r0 < 1
such that for every non zero a ∈ A we have
1− r0 < µ(a, t0) = µ(1,
t0
|a|
),
and
r0 > ν(a, t0) = ν(1,
t0
|a|
),
therefore there exists k ∈ R+ such that |a| ≤ k, that is A is bounded in R. The
converse is easy. 
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Lemma 4.10. A sequence {βn} is convergent in the intuitionistic fuzzy normed
space (R, µ, ν, ∗, ⋄) if and only if it is convergent in (R, |.|) .
Proof If |βn − β| −→ 0, then
lim
n−→∞
µ(βn − β, t) = lim
n−→∞
µ(1,
t
|βn − β|
)
= µ(1,∞)
= 1,
and
lim
n−→∞
ν(βn − β, t) = lim
n−→∞
ν(1,
t
|βn − β|
)
= ν(1,∞)
= 0,
that is βn −→ β in (R, µ, ν, ∗, ⋄). Conversely suppose that limn−→∞ µ(βn−β, t) = 1
and limn−→∞ ν(βn − β, t) = 0. If lim inf(βn − β) = u and lim sup(βn − β) = v and
u, v are not +∞ or −∞, then we can find subsequences {βnk − β} and {βmk − β}
converging to u, v, respectively. By assumption, then µ(u, t) = µ(v, t) = 1, for all
t > 0, so u = v = 0, i.e. the limit {βn − β} exists and is 0. If one of these or
both are infinity then since µ(x, t) = µ(1, t/|x|) and µ is nondecreasing in second
variable, then
lim supµ(1, t/|βn − β|) ≤ lim
n−→∞
µ(βn − β, t) ≤ lim inf µ(1, t/|βn − β|).
Now, if lim inf βn − β = −∞ then we have
limµ(βn − β, t) < lim inf µ(βn − β, t) = lim inf µ(1, t/|βn − β|).
This implies 1 < 0, by 4.2(g). If lim supβn − β = +∞ then lim inf β − βn = −∞,
and again 1 < 0. Therefore, limn−→∞(βn − β) = 0, that is {βn} is convergent in
(R, |.|). 
By last lemma (R, µ, ν, ∗, ⋄) is complete.
Corollary 4.11. If the real sequence {βn} is IF-bounded then it has at last one
limit point.
Definition 4.12. The 5-tuple (Rn,Φ,Ψ, ∗, ⋄) is called a intuitionistic fuzzy Eu-
clidean normed space if ∗ is a t-norm, ⋄ is a t-conorm and (Φ,Ψ) is a intuitionistic
fuzzy Euclidean norm defined by
Φ(x, t) =
n∏
j=1
µ(xj , t),
and
Ψ(x, t) =
n∐
j=1
ν(xj , t),
where x = (x1, · · · , xn),
∏n
j=1 aj = a1 ∗ · · · ∗ an,
∐n
j=1 aj = a1 ⋄ · · · ⋄ an, t > 0, and
(µ, ν) is a intuitionistic fuzzy norm .
Lemma 4.13. If ⋄ = max then (Rn,Φ,Ψ, ∗, ⋄) is an intuitionistic fuzzy normed
space.
We omit the proof because it is straightforward.
Corollary 4.14. The intuitionistic fuzzy Euclidean normed space (Rn,Φ,Ψ, ∗,max)
is complete.
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5. FINITE DIMENSIONAL INTUITIONISTIC FUZZY NORMED
SPACES
Theorem 5.1. Let {x1, ..., xn} be a linearly independent set of vectors in vector
space V and (V, µ, ν, ∗, ⋄) be a intuitionistic fuzzy normed space. Then there are
numbers c, d 6= 0 and a intuitionistic fuzzy norm space (R, µ0, ν0, ∗, ⋄) such that for
every choice of real scalars α1, ..., αn we have
(2) µ(α1x1 + ...+ αnxn, t) ≤ µ0(c[|α1|+ ...+ |αn|], t),
and
(3) ν(α1x1 + ...+ αnxn, t) ≥ ν0(d[|α1|+ ...+ |αn|], t).
Proof. Put s = |α1| + ... + |αn|. If s = 0 , all αj ’s must be zero, so (5.1) and
(5.2) holds for any c, d 6= 0. Let s > 0. Then (5.1) and (5.2) are equivalent to
the inequalities which we obtain from (5.1) and (5.2) by dividing by s and putting
βj =
αj
s
, that is,
(4) µ(β1x1 + ...+ βnxn, t
′) ≤ µ0(c, t
′), t′ =
t
s
,
n∑
j=1
|βj | = 1,
and
(5) ν(β1x1 + ...+ βnxn, t
′) ≥ ν0(d, t
′), t′ =
t
s
,
n∑
j=1
|βj | = 1,
Hence it suffices to prove the existence of a c, d 6= 0 and intuitionistic fuzzy norm
(µ0, ν0) such that (5.3) and (5.4) holds. Suppose that this is not true. Then there
exists a sequence {ym} of vectors,
ym = β1,mx1 + ...+ βn,mxn, (
n∑
j=1
|βj,m| = 1),
such that µ(ym, t) −→ 1 and ν(ym, t) −→ 0 as m −→ ∞ for every t > 0. Since∑n
j=1 |βj,m| = 1, we have, |βj,m| ≤ 1 then by 4.9 the sequence of {βj,m} is IF-
bounded. In according 4.11 {β1,m} has a convergent subsequence. Let β1 denote
the limit of that subsequence, and let {y1,m} denote the corresponding subsequence
of {ym}. By the same argument, {y1,m} has a subsequence {y2,m} for which the
corresponding of real scalars β2,m convergence ; let β2 denote the limit.Continuing
this process, after n steps we obtain a subsequence {yn,m}m of {ym} such that
yn,m =
n∑
j=1
γj,mxj , (
n∑
j=1
|γj,m| = 1)
and γj,m −→ βj as m −→ ∞. Since,
limmµ(yn,m −
n∑
j=1
βjxj , t) = limmµ(
n∑
j=1
(γj,m − βj)xj , t)
≥ limm[µ((γ1,m − β1)x1, t/n) ∗ ... ∗ µ((γn,m − βn)xn, t/n)]
= 1,
and
limmν(yn,m −
n∑
j=1
βjxj , t) = limmν(
n∑
j=1
(γj,m − βj)xj , t)
≤ limm[ν((γ1,m − β1)x1, t/n) ⋄ ... ⋄ µ((γn,m − βn)xn, t/n)]
= 0.
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Hence,
limm−→∞yn,m =
n∑
j=1
βjxj ,
n∑
j=1
|βj | = 1,
so that not all βj can be zero. Put y =
∑n
j=1 βjxj . Since {x1, ..., xn} is a linearly
independent set, we thus have y 6= 0. Since µ(ym, t) −→ 1 and ν(ym, t) −→ 0 by
assumption then we have µ(yn,m, t) −→ 1 and ν(yn,m, t) −→ 0. Hence,
µ(y, t) = µ((y − yn,m) + yn,m, t)
≥ µ(y − yn,m, t/2) ∗ µ(yn,m, t/2)
−→ 1
and
ν(y, t) = ν((y − yn,m) + yn,m, t)
≤ µ(y − yn,m, t/2) ⋄ ν(yn,m, t/2)
−→ 0
and so , y = 0 which is a contradicts. 
Definition 5.2. Let (V, µ, ν, ∗, ⋄) and (V, µ′, ν′, ∗′, ⋄′) be intuitionistic fuzzy normed
space. Then two intuitionistic fuzzy norms (µ, ν) and (µ′, ν′) are said to be equiva-
lent whenever xn
(µ,ν)
−→ x in (V, µ, ν, ∗, ⋄) If and only if xn
(µ′,ν′)
−→ x in (V, µ′, ν′, ∗′, ⋄′).
Theorem 5.3. On a finite dimensional vector space V , every two intuitionistic
fuzzy norms (µ, ν) and (µ′, ν′) are equivalent.
Proof. Let dimV = n and {v1, ..., vn} be a basis for V . Then every x ∈ V has a
unique representation x =
∑n
j=1 αjvj . Let xm
(µ,ν)
−→ x in (V, µ, ν, ∗, ⋄) but for each
m ∈ N, xm has a unique representation i.e.
xm = α1,mv1 + ...+ αn,mvn.
By Theorem 5.1 there are c, d 6= 0 and a intuitionistic fuzzy norm (µ0, ν0) such that
(5.1) and (5.2) hold. So
µ(xm − x, t) ≤ µ0(c
n∑
j=1
|αj,m − αj |, t)
≤ µ0(c|αj,m − αj |, t),
and
ν(xm − x, t) ≥ ν0(d
n∑
j=1
|αj,m − αj |, t)
≥ ν0(d|αj,m − αj |, t).
Now if m −→ ∞ then µ(xm − x, t) −→ 1 and ν(xm − x, t) −→ 0 for every t > 0
hence |αj,m − αj | −→ 0 in R. On the other hand,
µ′(xm − x, t) ≥ µ
′((α1,m − α1)v1, t/n) ∗
′ ... ∗′ µ′((αn,m − αn)vn, t/n)
= µ′(v1,
t
n(α1,m − α1)
) ∗′ ... ∗′ µ′(vn,
t
n(αn,m − αn)
).
and
ν′(xm − x, t) ≤ ν
′((α1,m − α1)v1, t/n) ⋄
′ ... ⋄′ ν′((αn,m − αn)vn, t/n)
= ν′(v1,
t
n(α1,m − α1)
) ⋄′ ... ⋄′ ν′(vn,
t
n(αn,m − αn)
).
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Since |αj,m − αj | −→ 0 so
t
n(αj,m−αj)
−→ ∞ so µ′(vj ,
t
n(αj,m−αj)
) −→ 1 and
ν′(vj ,
t
n(αj,m−αj)
) −→ 0. Then xm
(µ′,ν′)
−→ x in (V, µ′, ν′, ∗′, ⋄′). With the same
argument xm −→ x in (V, µ
′, ν′, ∗′, ⋄′) imply xm −→ x in (V, µ, ν, ∗, ⋄). 
6. BOUNDED LINEAR OPERATORS
Definition 6.1. A linear operator T : (V, µ, ν, ∗, ⋄) −→ (V ′, µ′, ν′, ∗′, ⋄′) is said to
be intuitionistic fuzzy bounded if there exists constants h, k ∈ R− {0} such that for
every x ∈ V and for every t > 0 ,
µ′(Tx, t) ≥ µ(hx, t),
and
ν′(Tx, t) ≤ ν(kx, t).
Corollary 6.2. Every fuzzy bounded linear operator is continuous.
Definition 6.3. A linear operator T : (V, µ, ν, ∗, ⋄) −→ (V ′, µ′, ν′, ∗′, ⋄′) is a fuzzy
topological isomorphism if T is one-to-one and onto, and both T and T−1 are con-
tinuous. Intuitionistic fuzzy normed spaces (V, µ, ν, ∗, ⋄) and (V ′, µ′, ν′, ∗′, ⋄′) for
which such a T exists are intuitionistic fuzzy topologically isomorphic.
Lemma 6.4. A linear operator T : (V, µ, ν, ∗, ⋄) −→ (V ′, µ′, ν′, ∗′, ⋄′) is intuitionis-
tic fuzzy topological isomorphism if T is onto and there exists constants a, b, a′, b′ 6=
0 such that µ(ax, t) ≤ µ′(Tx, t) ≤ µ(bx, t) and ν(a′x, t) ≤ ν′(Tx, t) ≤ ν(b′x, t).
Proof. By hypothesis T is intuitionistic fuzzy bounded and by last corollary is
continuous and since Tx = 0 implies 1 = µ′(Tx, t) ≤ µ(x, t/|b|) and consequently
x = 0 then T is one-to-one. Thus T−1 exists and, since µ′(Tx, t) ≤ µ(bx, t) and
ν′(Tx, t) ≤ ν(b′x, t) are equivalent to µ′(y, t) ≤ µ(bT−1y, t) = µ(T−1y, t/|b|) and
ν′(y, t) ≤ ν(b′T−1y, t) = ν(T−1y, t/|b′|) or µ′(1
b
y, t) ≤ µ(T−1y, t) and ν′( 1
b′
y, t) ≤
ν(T−1y, t) where y = Tx, we see T−1 is intuitionistic fuzzy bounded and by last
corollary is continuous. Hence T is a intuitionistic fuzzy topological isomorphism.

Corollary 6.5. Fuzzy topologically isomorphism preserves completeness.
Theorem 6.6. Every linear operator T : (V, µ, ν, ∗, ⋄) −→ (V ′, µ′, ν′, ∗, ⋄) where
⋄ = max and dimV < ∞ but other, not necessarily finite dimensional, is continu-
ous.
Proof. If we define
µ′′(x, t) = µ(x, t) ∗ µ′(Tx, t),(6)
and
ν′′(x, t) = ν(x, t) ⋄ ν′(Tx, t),(7)
then
(V, µ′′, ν′′, ∗, ⋄) is intuitionistic fuzzy normed spaces because, (a),(b),(c),(d),(f),(g),(h),(l)
and (m) immediate of definition, for triangle inequalities (e) and (k),
µ′′(x, t) ∗ µ′′(z, s) = [µ(x, t) ∗ µ′(Tx, t)] ∗ [µ(z, s) ∗ µ′(Tz, s)]
= [µ(x, t) ∗ µ(z, s)] ∗ [µ′(Tx, t) ∗ µ′(Tz, s)]
≤ µ(x + z, t+ s) ∗ µ′(T (x+ z), t+ s)
= µ′′(x+ z, t+ s).
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The proof for (k) is similar above. Now, let xn
(µ,ν)
−→ x then by Theorem 3.3
xn
(µ′′,ν′′)
−→ x but since by (6.1) and (6.2), µ′(Tx, t) ≥ µ′′(x, t) and ν′(Tx, t) ≤ ν′′(x, t)
then Txn
(µ′,ν′)
−→ Tx. Hence T is continuous. 
Corollary 6.7. Every linear isomorphism between finite dimensional fuzzy normed
spaces is topological isomorphism.
Corollary 6.8. Every finite dimensional intuitionistic fuzzy normed space (V, µ, ν, ∗, ⋄)
where ⋄ = max is complete.
Proof. Let ⋄ = max. By last corollary (V, µ, ν, ∗, ⋄) is topologically isomorphism
to (Rn, µ, ν, ∗, ⋄). Since (Rn, µ, ν, ∗, ⋄) is complete and topological isomorphism
preserves completeness then (V, µ, ν, ∗, ⋄) is complete. 
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